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ABSTRACT

In this paper we use fractional differential operators D:,a,x to derive a number of key formulas of

multivariable H-function. We use the generalized Leibnitz’s rule for fractional derivatives in order to obtain one
of the aforementioned formulas, which involve a product of two multi variables H-function. It is further shown
that ,each of these formulas yield interesting new formulas for certain multivariable hyper geometric function
such as generalized Lauricella function (Srivastava-Dauost) and Lauriella hyper geometric function some of
these application of the key formulas provide potentially useful generalization of known result in the theory of
fractional calculus.
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I. INTRODUCTION
1.1 Definition

The fractional derivative of special function of one and more variables is important such as in the evaluation of
series,[10,15] the derivation of generating function [12,chap.5] and the solution of differential equations
[4,14;chap-3] motivated by these and many other avenues of applications, the fractional differential operators
Dn

k ox are much used in the theory of special function of one and more variables.

We use the fractional derivative operator defined in the following manner [5]

(X#):ﬁ[ Ju+rk+1 P (1.1)
0 JU+TK—a+1

Where#pu+1 and and k are not necessarily integers

Dn

k,or,x

We use the binomial expansion in the following manner

|
© (A u u
(ax“ +b)* =b*>" | az where [az
1=0

Then it is known that the multiple Mellin-Barnes counter integral representing the multivariable H-

1<l a2

function converges absolutely under the condition when

;:min{Re (d%))} (j=1..m)

C(-i) 1 (1.3)
7, =max{Re | il (=)
Vi
II. GENERALIZED FRACTIONAL DIFFERENTIATION OPERATORS

The fractional calculus operator involving various special functions, have been found significant importance
and applications in various sub-field of application mathematical analysis. Since last five decades, a number of
workers like Srivastava et al. [21], Saigo [10] etc. have studied in depth, the properties, applications and
different extensions of various hyper geometric operators of fractional calculus.

Let a,a’,f',yeC, y =0 and xeR4, then the generalized fractional differentiation operators [25]

involving Appell function F3 as a kernel are defined by the following equations:
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(i )= P )

dy\" -’ —af n-y+tn
:(a) (f =™ ) (), (Re () > 0;n=[Re ()] +1) 22

— 1 (d)n(_a-")fx(_ t)n_},-—]_ tq’ F( I I 1 t 1 l) (t)dt
" T(n—y) \dx g 0 * s\—a,—an—BL =B n -y o171 f .

(2.3)
And
(D= B F)(x) = (12 F"BY £)(x) (24
= (- ) (=-«'nrn (), (Re (y) > 0;n = [Re ()] +1) 25)
L 1 sa’ P _plo_ . _E _E
l"(n—y)(_ )j (t—x)" ¥V t¢t Fg( a',—an—-pB,—-B.n-y1 t'l l_)f(r)dr, 06

' r
where I;_.r:r.ﬁ BY and 194" BB'Y  are Saigo-Maeda fractional integral operators, and Appell hyper

geometric function of two Variables is defined as

Fy(a,a',B,B';v;2,¢) = Z Z (a)m(‘;;;(f)m(ﬁ I m! i' '

m=0n=0 (27)
where (Z)m and (Z)n are the Pochhammer symbol defined by

zeC and mneNy, =N U{0},N=1(1,23,...) by (z2)o=1,(2)y, =2z(z+ 1) ..(z+ m— 1).

The series in (2.7) is absolutely convergent for

(Iz] <1181 < 1) and (lz| =,

=1), where (z,& = 1).

These operators reduce to Saigo derivative operators [25] as

(DeE P 7F) ) = (DI F) ), (Re(y) > 0); (28)

(D2 FEYF)(x) = (DY VF' Y f)(x),  (Rely) > 0); (29)

Further [25, p. 394, Eqns. (4.18) and (4.19)] we also have
Iﬂ'-ar-ﬁ-ﬁr-}’xp—l —T [p ppty—a—a —fp+f —a } xp—a—a’ﬂl—l
" ty—a-—a,pty—a —Bp+p |
Where Re(y) > 0, Re(p) > max[0,Re(a + a' + f —y),Re(a’ — )], and

jaf.a".ﬁ‘.ﬁ".}'xp—lz F[l—l—a—l—a’—y—p,l+a+ﬁ’—y—p,l—ﬁ—p xp—a—a"ﬂe—l
- l-pl+a+a'+p -y—-pl+a—-p—p ’

Where Re(y) > 0, Re(p) > min[Re — (—f),Re(a, a’,—y),Re(a + B’ —y)],

(2.10)

(2.11)

Here, we have used the symbol f['..]representing the fraction of many Gamma functions.

III.  MAIN RESULT

Throughout the present paper .we assume that the convergence and existence condition corresponding
appropriately to the ones detained above are satisfied by each of the various H-function involved in our results
which are presented in the following sections

Generalized Fractional differential operator involving multivariable H-function

In this section we shall prove our main formulas on fractional differential operator involving multivariable H-
function
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Theorem-1
= D,me{x‘l(x”l +a)*(b—xv2)°H [zlx-"l(x”l +a)% (b—xV2)%r . ...

z,xPr(x"r + ) (b — xV2)~%r]}
Provided (in addition to the appropriate convergence and existence
condition) that

min{ulyvz,piloi,é‘i}>0( =1...,r)
max{‘arg ‘ ‘arg }

+ Zr:pifi >-1
i1

Whee & = (i =1..., I’)are given in (1.3)
1

v Vvgy M
a b . .
Ap—8 . kink 0, m+nti: M1 Ty My
= athx Z [[m Hy'int2. g4nt2; p1gs.prar

I.m=0

7 3P =51 (-Aay...op)(—8-m:8y 83 .8, ) (—k—kr—vyvom: py..0p)0—1
1

X

Pr0r —8r
Zrxtra b (-A+1.0y05...00)(1-8.81 .6, ). (@—k—1rk—vylvym: py..op)0n—1

(aj . c:r:! ':r'} { _:.rl _.l:'l}l P1 __(CETI'J.ETI'}LPT_

(3.1)
{DJ ’ B}""Sgr:l}Lq: (d} Sjl}qu '-“(d‘er:l’ajr)}i*‘?r

Theorem-2

n {x"(x"l o)t (h—x") Bz ("t 4+ a) (h—x"2) 0. Z,xPr

kax
("1 +a) (b- x"?)'ar] H *[Wlxﬂl ...... wsxﬁs]}

Provided (in addition to the appropriate convergence and existence conditions mentioned with (3.1)

l m
Vv v
o (x_l) (E)
M a b Hﬂ, nw+n+3+N, My My e N My Ny o Mg N
U lm p+P+n+3.q'+Q+n+3 p1.q1 ey Gy PrQq e F5.Qs
Im=0
. 1 r [ .0
2,a% b5 (401 0,) (1 =6 —m; 65 ... ... 6,) (a} . aj)l,p( ; ;}.)Lpi
Ty J,—0p -0 _ o .ol r [ of
z.a% b rxPr| (-, + 1,0y ...... o.)(1—6; 6 ... 6r)(bj, - ﬁf)laq (d} 51)1,:;!-
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...... (er -r:;'r)l.p,- (—k —rk—vil—vom,py ps . pr Ay ""‘H'S)gln_]_
(3.2)
...... (a’f é}r)l.qr (a-k —r'k—vil —vym, p, g oo Pr ) Ay oo .}IS)M_I
Theorem-3
Dr_ . {xk(xvl +a)* (b—x"2)"% H[z,xP: ... .. z,.x"’”]]

Provided (in addition to the appropriate convergence and existence conditions mentioned with (3.1)

= ¥ V1 f ¥ Ve m
— A P8 yknk (;{)(5) gO N S MmN ey
a b 1/ \in PRGN Py Prdr

IL,m=0
[} ir) Lr) L)
z, ¥PL (—k—kv—vw l—vsmipy vonprde=anmn—1 (n::n}* :':.......rr} jl.p{r‘? . J'}' ] Ly (rj ...... vy jl-ﬂ:-
Z.xPr ) it (r T (r) )
¥ Ca—th—k—vy I—vam 1Py P dezon—1 (B8} ) ]m(d; -'51‘-'1.q, ...... (a;™ &) ]m,- (33)
Proof:- We first replace the multivariable H-function occurring on the LHS by its Mellin Barnes contour

integrals collected the powers of x, (X”1 + a) and (b - X" ) and apply binomial expansion
X

i o) >0

We then apply the fractional derivative operator in the following manner [5]

D" (Xﬂ):ln—j:|: Topu+rk+1 :|X”+nk (3.5)

Ko tol Tu+rrk—a+1

. (3.4)

Wherea # ¢£+1 and & and k are not necessarily integers and interpret the resulting MillenBarnes contour

integrals as a H-function of r-variables we shall arrive at(3.1)
Proof of (3.2):-

We first replace the multivariable H-function occurring on the LHS by its Mellin Barnes contour integrals

collected the powers of x, (X“1 + a) and (b — X ) and apply binomial expansion
X

weer=(ig) =315

We then apply the fractional derivative operator in the following manner [5]

<1 (3.4)

| Tu+rk+1 ‘
Dn X/t — X/Hn 3.5
k’“’x( ) H[Fy+rk—a+1} (35)

Wherea # (£ +1 and @ and k are not necessarily integers and interpret the resulting MillenBarnes contour
integrals as a H-function of r & s variables we shall arrive at (3.2)

Proof of (3.3):- same as proof of theorem (3.1)

IV.  CONCLUSION

In this paper we use fractional differential operators D:,a,x to derive a number of key formulas of

multivariable H-function. We use the generalized Leibnitz’s rule for fractional derivatives in order to obtain one
of the aforementioned formulas, which involve a product of three multivariables H-function. It is further shown
that ,each of these formulas yield interesting new formulas for certain multivariable hypergeometric function
such as generalized Lauricella function (Srivastava-Dauost)and Lauriella hyper geometric function some of
these application of the key formulas provide potentially useful generalization of known result in the theory of
fractional calculus.
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