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ABSTRACT

In this paper, a polynomial of a bicomplex variable has been studied. Square roots for several quadratic
equations using bicomplex variables have been obtained. Also, we have studied the nth root of unity in C,. We
have shown that all n? nth roots of unity in C, form an abelian group. The number of distinct cyclic subgroups
within an abelian group of the nth root of unity in C, has also been characterized.
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I. INTRODUCTION

Throughout this paper, the sets of real and complex numbers are denoted by C, and C,, respectively, while the
set of bicomplex numbers is denoted by C,. The theory of bicomplex numbers have been introduced in detail by
Price (1991) and Luna-Elizarraras et al., (2015). Some glimpses of the theory can be seen in Srivastava
(2008) and Kumar (2018).

The set of bicomplex numbers is defined as:
Cy = {xq + i1 Xy +ipX5 + i115X,4: X1, X5, X3, X4 € Co}
where i; # i, i = i3 = —1 and iyi, = i,i;.
Singular and Non-Singular Elements in C,:
The Bicomplex number § = z; + i,z, = (z; — i;2,)e; + (z; +i;2,)e, = 1&e; + %Ee, is singular if and only if
z2 +2z2 =0or (z; —i;z, = 0 or z; +i;z, = 0) or (*¢ = 0 or ¢ = 0) and is non-singular if and only if
7?2 + 22 # 0 or (z; — i1z, # 0 and z; + i;z, # 0) or (}§ # 0 and %€ # 0). The set of all singular elements in C, is
denoted as @, and C, /0, is the set of all non-singular elements in C,.
We shall use the notations C(i;) and C(i,) for the following sets:
CGy) ={x+iy:xy€Cpland C(i,) = {x+iy:xy € Cy}.
The set of Hyperbolic Numbers is defined as H = {x + i;i,y : X,y € Co}.
2. Bicomplex Polynomial

A bicomplex polynomial is a function of the form

PO = ) e
k=0

where vy, € C,,k=0,1,2,...,nand § is a bicomplex variable.

The C(i,) idempotent representation of bicomplex polynomial is given as
n

PO = ) it = (Z Vi lzk) ey + (Z *Yi sz) e, = 'P(De, + 2P(De,
k=0 k=0

k=0

2y, 2€¥ are polynomial in C(i,)

n
=0

n
POD = >y, ' and 2P(P) =
k=0 K
where lyy and %y, € C(i;),k = 0,1,2, ..., n and 1§, % are variables in C(i,).
2.1 Roots of Bicomplex Polynomial:
The roots of a bicomplex polynomial have been investigated by Pogorui et al. (2006) and Luna-Elizarraras et
al. (2015). We have also investigated the roots of a bicomplex polynomial from various perspectives.

Consider the bicomplex polynomial
n

P(®) = Z Yk gk = (Z yk 1Ek> e; + (Z %y 22k> e; = 'P(*)e; + *P(*¥)e,
k=0 0

k= k=0
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Then the roots of P(§) were determined as follows:

Case (1) If 'P(*) is a polynomial of degree k, 1 < k < n and 2P(%{) is a polynomial of degree 1, 1 <1 < n then
P (%) consist kl roots counting multiplicities.

Case (2) P(%) has infinite roots if

(i) *P(*)(respectively 2P(?€) ) is a polynomial of degree k, 1 < k < n and ?P(?€)(respectively 'P('€) ) is a zero
polynomial.

(ii) Both *P(1¢) and 2P (%) are zero polynomials.

Case (3) P(%) has no root if

(i) *P(*®)(respectively 2P(%€)) is a polynomial of degree k, 0 < k < n and 2P(%)(respectively 'P(*§)) is a
constant polynomial.

(ii) TP (1) (respectively 2P(2) ) is a zero polynomial and 2P (%) (respectively 'P(€) ) is a constant polynomial.
Ify, & 0,, the bicomplex polynomial can be determined by its roots i.e. the polynomial can be splits into linear
factors. Therefore, we have considered y, & ©, to prove the following theorem.

n
Theorem 2. 1: The bicomplex polynomial P(§) = Z Yk &, ¥n & O, has n? roots counting multiplicities.
k=0
Proof: Giveny, ¢ O,
Yn €0, = y, #0and?y, #0

n

n
= 1p(%) = Z v 1< and 2P(%) = z 2y\ %€ both are polynomials of degree n in C(i;)
k=0 k=0

= P(1&) and ?P(?¢) both consist n zeros counting multiplicities

Let A ={a;,a,,a3,..,a,} and 24 ={B;,B5,P5, .., Bn} are the multiset of n roots of P(1¢) and 2P(3¢)
respectively.

Then the multiset

A=1Ae +%Ae, ={a;e; + Bjey:i,j = 1,2,3, ..., n} is the collection of all n? roots of P(¢).

Note 2.1: Kumar (2022) has divided n? eigenvalues of a bicomplex matrix 4 € C3*" in n spectrums. In an

analogous way, we divided the n? roots of a bicomplex polynomial

PO =D 1t 1 €0,
k=0

into n multisets for which the polynomial can be splits into linear factors.

n
Consider the bicomplex polynomial P(¢) = Z Vel v, € 0,.
k=0

Then, the multiset A = {a;,a,,a3,..,a,} and 24 ={B;,B,,Ps, ..., Bn} are roots of P(1&)and 2P(%¢)
respectively and the multiset A = 1A e; + 24 e, = {ai e; + Bjey:i,j = 1,2,3, ...,n} is the set of all n? roots of
P(%).
We divide these n? roots of P(£) in n multisets S;, S,, S5, ..., S,, in view the following fact
P(§) ="P(*&)e; + 2P(*§)e,

=Y, (8 —a)E—a)(é—a3) .. (&~ ) —ay) e

2 CE = B1)CE = B)(PE = B3) . & = a1 )(PE = Bn) ez
1.5, ={ae; + fiey,as e + frey,az e + fz€g, v v v, g €1 + P16, ane; + Bres}
P(§) =vafl — (are; + re)HE — (azer + Bre) HE — (az e + Baer)} e,

e {8 = (@p-1 €1 + Bro1€) HE — (aney + Brez)}
2.5, ={aje; + Brey, a6 + fzey, a5 + Bayy e e e o, Ap_q €1 + fres, aner + Bre3}
P(E) =yl — (are1 + Bre)HE — (azer + Bze) HE — (az e + Baer)} oo
e (& = (Anog €1 + Pre) HE — (ane; + Brez)}

www.irjmets.com @International Research Journal of Modernization in Engineering, Technology and Science

[1238]



TRJ ETS

e-ISSN: 2582-5208
International Research Journal of Modernization in Engineering Technology and Science

( Peer-Reviewed, Open Access, Fully Refereed International Journal )
Volume:07/Issue:04/April-2025 Impact Factor- 8.187 WWW.irjmets.com

3.53={a,e, + Bzey,a,e1 + Buey, 381 + Bsey, e vn e e, A1 €1 + P16, ane1 + fres}
P() =y s — (a1 + Bze)HE — (azeq + Bae) HE — (aseq + fsez)} v
A8 = (ap—q 61 + rex) HE — (ane; + Brer)}

(n-1). S, ={a, e, + Bn_1€s, 0z 61 + Bres, azse; + f1€g, v e, Ap_q €1 + Br_sz€s,ane; + Lr_ze2}
P(&) =¥l — (arey + P18 HE — (az e + Bre) HE — (az ey + frez)} e

A& = (an_1 €1 + Pn_ze) HE — (ane; + frzer)}
(). S, ={a1e; +Lrez,are; + Lrez,aze + Loy, v v cve e, A1 €1 + Pr_s€2,aneq + Pn_1€5}
P(&) = yn{é — (are; + Bre) HE — (a1 + Brex) HE — (az eq + Baez)} v v ven e,

wA§ = (an_1 ey + Pnze) HE — (ane; + fr_s€2)}
The solutions ¢ € C, of £2 = 7 for various values of n are provided by the theorems 2.2 to 2.7.
Theorem 2.2: For a given r € C, the solutions of 2 = r, are given by & = ++/r, +i,i,\/T.
Proof: Let&2 =71
= 12¢ +282%2¢, =1, +Te,
=¥2=rand %% =r
= ¥ =+Vrand % = +VJr
=& ="e, + e, = tVr, iiVr
Theorem 2.3: For a given +i;s € C(i;),s # 0, the solutions of §2 = r + i; s are given by

,/ |r +iis|(r +is+ |r +iys]) JIr+igs|(r+is+ |r+is])

|T+l15+|7'+115|| Fhly |r+Lls+|r+llsI|

§=

Proof:

2 =r+is

= (Ye, + 2%8ey)? = (r +iys)e; + (r +i18)e,

= 1&2¢, + 282, = (r + i;5)e; + (r + i15)e,

=12 =r+isand 22 =7r+1iss

As,s #0

. m(r+115+ |r +iys])
|r +i;s+|r+ Lls||

= ¢ ="e +%e,

./ r+is|(r+iis+|r+is)) JIr+igs|(r +is+ |r +is))

|r+Lls+|r+lls|| Ehl |T+11$+|T+l1$||

+,/ |r +i;s|(r +iys + |r +iys])

and %¢ =
§=% |r+ils+|r+ilsl|

Theorem 2.4: Fora givenr + i,s € C(iy),s # 0, the solutions of £ = r + i,s are given by
£ = 1/ r+ is|(r+iys + |r+iys]) JIr+is|(r +iys + |r+iys))
, i
|T+lZS+|T+lZS|| iz |T‘+lZS+|T+lZS||
Proof: The proof can easily be seen by considering C(i,) —idempotent representation.

Theorem 2.5: For a given ae; + be, € H, the solutions of § = ae, + be, are given by
& = +(Vae, + Vbe,), +isi,(Va e, + Vbe,).

Proof:

&% = ae, + be,

= (Y¢e, + %€e,)? = ae; + be,

= 1&2¢, + 28%e, = ae, + be,
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= ¥2=gand %2 =5b
= '¢ = +Va and % = +Vb
= ¢ = e, + %e,
= +(Va e, + Vbe,), +iyi,(Va e, + Vbe,)
Theorem 2.6: For a given 1 = ze; + we, € Cp; z=a+ i;b,w = c + i;d € C(i;) the solutions of §2 =7 are

given by

§ = _\/—[(\/ |z| + a+ i;sgn(b)y1z| —a ) e; + (,/ lw| + ¢ + iysgn(d)/|lw| — ¢ ) ez],

ilfzz [(\/ |z] + a+ i;sgn(b)/|z] —a ) e, + (\/ lw| + ¢ + iysgn(d)/Iw| — ¢ ) ez].

+1,if b= 0 +1,if d =0
where, sgn(b) = {_1 i; b <0 and sgn(d) = {_1 i; d<0
Proof: Let { = ue; + ve, € C,; u,v € C(iy)
§=n

= (ue; + vey)? = ze, + we,
= ule; + vie, = ze; + we,

su?=zandv?=w

Su= i% [,/ |z] + a + iysgn(b)./|z] —a ] and v = i% [\/ [w| + ¢+ i;sgn(d)/|lw]| — c]

= ¢ =ue; +ve,

= i%[(,/ |z] + a+ i;sgn(b)./|z]| —a ) e, + (\/ Iw| + ¢ + iysgn(d)/Iw| — ¢ ) 62],
i% [(\/ |z| +a+ i;sgn(b)y/|z| —a ) e, + (w/ [w| + ¢ + iysgn(d)/|w| — ¢ ) ez].

Corollary 2.1: For a given n=ze;+we, €Cy; z=a+ i;b,w =c+i;d € C(i;),b #0,d # 0, then the
solutions of §2 = 7 are given by

:ii[(mﬂlll;_lm—_a)el+(¢W+illj—|\/|wl ¢ )e)
1112 (\/m+ll|b|‘/—a>el+(\/m+i1|3—|m>ez].

Theorem 2.7: For a given n = ze; + we, € Cy; z,w € C(iy),I(z) # 0,I(w) # 0, the solutions of é? =7 are
given by

- <J|7(Z+IZI) JIwlw + [w)) >+l (F(z+|z|) JIwlw + [wl) )

|z+|z|| @ |W+|W|| |z+|z|| @ |w+|w||

Proof: Let £ = ue; + ve, € Cy; u,v € C(iy)
& =n
2
= (ue; + vey)® = ze; + we,
= ule; + vie, = ze; + we,

su?=zandv?=w

J_(z+ |z]) JIwl(w + [w[)

As,I1(z) # 0and I(w) # 0,u = + andv=+——1——"
|Z+|Z|| |w+|w||
= & =ue; +ve,
\/IZ (z + Iz]) . Viwl(w +w))
1 € )
|Z+|z|| |W+|w||
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i V1zI(z + |z]) Viwlw + wl])
Tl e e, |

|Z+|z|| |W+|w||

2.2. The nth roots of unity in C,
Theorem 2.8: The set of all roots of ™ =1, G = {w"e; + w¥ey:1,5 =0,1,2,..n — 1},where w = e2mi1/" form an
abelian group under multiplication.
Proof: Let&" =1

= (Y¢e; +%e))" = e te,

= Mg, + 28Me, = e, +e,
=" =1and %" =1
= & =e?m/m" r =0,1,2,.....n—1and %¢ = e®™1/" s =0,1,2,....n — 1

Let w = e?™1/n

>¥=0w"r=012,...n—1and ¢ = w%s5s=0,1,2,....n—1
=& =1e +2%e, =we; + wSey:r,s =0,1,2,.....n— 1
Let G = {w"e; + wSe,:7,5s = 0,1,2, .....n — 1} be a collection of all these n? roots.
Since C,, = {1, w, w?, ..., w™" 1} is a cyclic group of order n in C(i,), therefore the direct product
G=C,xC,={w"e; + w¥e,:1,s = 0,1,2,...n — 1} is an abelian group of order n? in C,.
It has been attempted to characterize distinct cyclic subgroups within an abelian group of the nth root of unity.
Here we have discussed two groups of order 2% and 32.
1. The solutions of §2 = 1 are given by 1, —1,i;i,,—i;i,. The set of all roots of 2 =1, G = {1, —1,i;i,, —i;iy}
form an abelian group under multiplication.
There are four distinct cyclic subgroups of G from which one is trivial and other three are of order 2.
Hy = {1} H, = {1, -1}, Hs = {1, i1i5},H, = {1, —i1i5}

Elements of G Cyclic Subgroup of G
|G| Order No. of Elements Order No. of Cyclic Subgroup le(&)
n of order n n of order n
1 1 1 1
22
2 3 2 3 4
1G] 4 le(@) 4

2. Thesetofall roots of §3 = 1,G = {1,e; + we, ,e; + w?e,, we,+e,, w, we, + w?e,, w?e;+e, ,w?e; + we, , w?},
where w = e?™1/3form an abelian group under multiplication.

There are five distinct cyclic subgroup of G from which one is trivial and other four are of order 3.

Hy = {1}
H, = {1,w, w?}
Hy = {1,e; + we,y, e; + w?e,}
H, = {1,we, + e,, w?e; + e,}
Hs = {1, we; + w?e,, w?e; + we,}
Elements of G Cyclic Subgroup of ¢
|G| Order No. of Elements Order No. of Cyclic Subgroup lc(6)]
n of order n N of order n
1 1 1 1
32 3 8 3 4 5
1G] 9 lc(@)] 5
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3. The set of all roots of ™ =1, ¢ = {w"e; + we,:1,s =0,1,2,.....n — 1}, where w = e2™i1/" form an abelian
group under multiplication.

(i) No. of distinct cyclic subgroup of an abelian group of order p?", where p is prime and n € N is given by
[+ - 2]

p—-1
(ii) No. of distinct cyclic subgroup of an abelian group of order pinlpgnz ...... plz(nk, where pq, Pa, - - , Pk are
primes and nq, n,, ... ... ny € N is given by
1 n;+1 n 1 ny;+1 n 1 ng+1 n
— +p,t —2|x Pyt = 2] X X K+ pk -2
Sl e — 2] e 4 ey 2] | SN S

II. CONCLUSION

In recent years, mathematicians and physicists have more interest of their study on bicomplex algebras. In this
article we have attempted to investigate the roots of bicomplex polynomial. A polynomial of degree n with non-
singular leading coefficient have at most n? roots and n multiset of roots for which the polynomial can be splits
into linear factors. But a polynomial with singular leading coefficient which have finite roots cannot be split into
linear factors. Square roots for several quadratic equations using bicomplex variables have been obtained.
Within an abelian group of n?nth roots of unity in C,, a general formula for counting the number of distinct
cyclic subgroups is provided.
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