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ABSTRACT

This paper presents the concept of interval-valued intuitionistic fuzzy derivations of KU-ideals in KU algebras.
We have introduced the notion of interval-valued intuitionistic fuzzy derivation sets in KU algebras and
provided examples to illustrate this concept. Additionally, interval-valued intuitionistic fuzzy derivation sets
under homomorphisms in KU algebras and also defined the Cartesian product of interval-valued intuitionistic
fuzzy derivation of KU-ideals in KU algebras.
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I. INTRODUCTION

The notion of a fuzzy set was first introduced by L.A.Zadeh[13] in 1965 . K.T Atanassov[14,15] defined the
intuitionistic fuzzy subset which is the generalisation to fuzzy set further the intuitionistic fuzzy set was
extended to intuitionistic fuzzy ideal which was defined by Basnet and Benerjee[16,17].Some researchers
introduced the generalisation of Fuzzy sets that is called as the interval valued intuitionistic fuzzy sets.The
theory of interval valued intuitionistic fuzzy sets was first introduced by Atanassov and also established the
operators and its properties.

The two classes of algebras of logic are BCK and BCl-algebras which were introduced by Imai and Iseki[2,3,4] .
The concept of derivations, originally applied in ring and near-ring theory, was extended to BCI algebras by Jin
and Xin[5]. They also introduced the notion of regular derivations in this context. Building on this work, Hamza
and Al Shehri[1] defined left derivations in BCI algebras and explored the properties of regular left derivations.
Furthermore, G. Muhiuddin etl[9,10] developed the concept of (o, $)-derivations in BCI algebras. Then a new
algebraic structure called the KU - algebra was introduced by C.Prabpayak and U.Leerawat[11,12] .More
recently, Mostafa et al[7,8] introduced (l, r) - (r, 1)-derivations in KU algebras and investigated their related
properties.Samy M.Mostafa and Ahmed Abd-eldayem[6,18,19] presented Fuzzy KU-ideals in KU-algebra ,
Intuitionistic Fuzzy KU-ideals in KU - algebra and furthermore he introduced the Fuzzy derivations KU-ideals
on KU-algebra.

This paper contains some basic definitions then it has interval valued intuitionistic fuzzy derivations KU-ideals
of KU- algebra and the concept of image and preimage of interval valued intuitionistic fuzzy derivatives of KU -
algebra is discussed. Finally the product of interval valued intuitionistic fuzzy left derivations KU- ideals is
presented.

II. PRELIMINARIES
Definition 2.1[19] :
Let X be a KU-algebra and d : X = X be self map .A non - empty subset A of a KU-algebra X is called left
derivations KU ideal of X if it satisfies the following conditions:
(1)0eA
(2)d(x)*(y*z) €A,d(y) e Aimpliesd(x*z) € A, forallx,y,z e X
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Definition 2.2[19] :

Let X be a KU-algebra and d : X — X be self map .A non - empty subset A of a KU-algebra X is called right
derivations KU ideal of X if it satisfies the following conditions:

(1)0 €A,
(2)x*d(y*z)€A,d(y) e Aimpliesd(x*z) €A, forallx,y,z€X.
Definition 2.3[19]:

Let X be a KU-algebra and d : X — X be self map .A non - empty subset A of a KU-algebra X is called derivations
KU -ideal of X if it satisfies the following conditions:

(1)0 €A,

(2)d(x*(y*z)) €A,d(y) e Aimpliesd(x*z) € A,forallx,y,z€X

Definition 2.4 [11,12 ]

A non empty subset A of KU-algebra X is called ideal of X if it is satisfied the following conditions:
(i) 0e A

(i)y*z€eA,yeAimpliesz€ A Vyz€eX.

Definition 2.5 [6]

Let X be a KU-algebra, a fuzzy set p in X is called a fuzzy KU-ideal of X if it satisfies the following conditions:
(Fp(0)zp(x),

(F2) p(x*z) 2 min {p (x * (y * 2)), u (v)}-

Definition 2.6[7]

Let X be a KU-algebra. A self map d : X — X is a left -right derivation (briefly, (1,r) -derivation) of X if it satisfies
the identity

dx*y) = (d(x) *y) a (x*d(y)) Vx yEX

If d satisfies the identity

dx*y)=(x*d(y))a(dx) *y) VxyeX

d is called right-left derivation (briefly, (r,1) -derivation) of X . Moreover, if d is both
(Lr) and (r,]) - derivation then d is called a derivation of X .

Definition 2.7[7]

A derivation of KU-algebra is said to be regular if d(0) = 0.

Proposition 2.8 [7]

Let X be a KU-algebra with partial order <, and let d be a derivation of X . Then the following hold V x,y € X :
(1) dx) sx.

(i) d(x*y) <d(x) *y.

(i) d(x*y) sx*d(y) .

(v)dx*d(x))=0.

(vi)d1(0)={x €X | d(x) = 0} is a sub algebra of X .

Definition 2.9 [11,12]

Let X be a set with a binary operation * and a constant 0. ( X ,*, 0 ) is called KU-algebra if the following axioms
hold: Vxy,z€X:

(KU1) (x*y)* [(y *z)*(x*z)]=0

(KU2)x*0=0

(KU3) 0*x =x

(KU4)ifx*y=0=y*ximpliesx =y

Define a binary relation < by : x <y iffy *x = 0, we can prove that (X ,<)
is a partially ordered set .

Throughout this article, X will denote a KU-algebra unless otherwise mentioned.
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III. INTERVAL VALUED INTUITIONISTIC FUZZY DERIVATIONS KU- IDEALS OF KU-
ALGEBRAS

In this section, we will discuss and investigate a new notion called interval valued intuitionistic fuzzy- left
derivations KU - ideals of KU - algebras and study several basic properties which are related to interval valued
intuitionistic fuzzy left derivations KU - ideals.

Definition 3.1 :

Let X be a KU-algebra and d : X — X be self map. An interval valued intuitionistic fuzzy set p: X = [0,1] in X is
called an interval valued intuitionistic fuzzy left derivations KU-ideal(briefly,(F,l )-derivation) of X if it satisfies
the following conditions:

(IFL1)oal (0) 2 aa L (x), Bal(0) < Bal(x)

(IFL2)aa U (0) 2 aa U (x),BaV (0) < BaV (x)

(IFL3)aa*(d(x*z))2min{as “(d(x)*(y*z)).aa *(d(y))},
Ba M(d(x*z))< max{ Ba "(d(x)*(y*z)), Ba " (d(¥))}

(IFL4)aa"(d(x*z))2min{aa U(d(x)*(y*z)),aa”(d(y))},
Bal(d(x*z))< max{ Ba"(d(x)*(y*z)), Ba"(d(y))}

Definition 3.2 :

Let X be a KU-algebra and d : X — X be self map. An interval valued intuitionistic fuzzy set p: X - [0,1] in X is
called an interval valued intuitionistic fuzzy right derivations KU-ideal(briefly, (F,r) -derivation) of X if it
satisfies the following conditions:

(IFR1) aa L (0) 2 aal (x), Bal (0) < Bak (x),

(IFR2)aaV(0) = aal(x), Ba V (0) < BaY(x),

(IFR3)aa t(d(x*z))zmin{aa “((x)*d(y*z)),aa (d(y))},
Ba M(d(x*z))< max{Ba "((x)*d(y*z)), Ba (d(y))},

(IFR4)aa U(d(x*z))zmin{aa U((x)*d(y*z)),aa U(d(y))},
Ba U(d(x*z))smax{Ba "((x)*d(y*z)), Ba Y (d(y))}

Definition 3.3 :

Let X be a KU-algebra and d : X — X be self map. An interval valued intuitionistic fuzzy set p: X — [0,1] in X is
called an interval valued intuitionistic fuzzy derivations KU-ideal ,if it satisfies the following conditions

(IFD1) aa “(0) 2z aa(x),Ba(0) < Bal(x)
(IFD2) aaV (0) 2 aa U (x), Ba Y (0) < Ba Y (x),
(IFD3)aa H(d(x*z))zmin{aa "(d(x)*(y*z)),aa “(d(¥))},
Ba t(d(x*z))smax{Ba “(d(x)*(y*z)).Ba "(d(¥))}.-
(IFD4)aa U(d(x*z))zmin{aa U(d(x)*(y*z)),aa U (d(y))},
Ba U(d(x*z))zmax{Ba U (d(x)*(y*2)).Ba ! (d(y))}
Example 3.4 :
LetX={0,1,2,3.4 } be a set in which the operation * is defined as follows:
we can prove that (X, * 0) is a KU-algebra.

* 0 1 2 3 4
0 0 1 2 3 4
1 0 0 2 3 3
2 0 1 0 1 4
3 0 0 0 0 3
4 0 0 0 0 0
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Define a self map d : X - X by
: 0  ifx=0123
O(AL(O) =0.5, O(AL(l) = apl (2) = A L(3) = O(AL(4-) =0.3
aal(0)=0.6, oaal(1) =aal (2) =aal(3) = aa(4) =0.2
Bat (0) =0.4, Ba" (1) = Ba" (2) = Ba" (3) =Pa" (4) =0.6
Bat (0)=0.3, Ba" (1) =Ba" (2) =Pa" (3) =Pa" (4) =0.7
Thus by calculation it satisfies the conditions of interval valued intuitionistic fuzzy left(right) derivations KU-
ideals of KU algebra X.

Lemma 3.5:

Let u be an interval valued intuitionistic fuzzy left derivations KU - ideal of KU - algebra X, if the inequality , x *
y < d( z) holds in X, then

st (d(y)) 2 min { aat (d(x)) , aa™ (2) } .

o’ (d(y)) 2 min { aa? (d(x)), ca ¥ (2) } .

Bat (d(y)) < max {Ba"(d(x)),Ba™(2) }.

BaY (d(y)) < max { Ba¥ (d(x)) , Ba" (2) } -

Proof.

Assume that the inequality x*y< d( z) holds in X, then
d(z)*(x*y)=0,(z)*(x*y) =0, since d(z) < z from (Proposition 2.13(i)) and by(FL2),
we have

aat(d(z*y)) 2 min{ as " (d(2)*(x*y)), aa " (d(x))}

=min{aa " (0), aa " (d(x))}

=aa " (d(x))

Ba® (d(z*y)) < max{ Ba * (d(z)*(x*y)), Ba * (d(x))}

=min{ Ba »(0), Ba * (d(x))}

=Ba " (d(x))

o’ (d(z*y)) 2 min{aa Y (d(2)*(x*y)), aa Y (d(x))}

=min{ aa U (0), aa Y (d(x))}

=aa U (d(x))

Ba U (d(z*y)) < max{Ba Y (d(z)*(x*y)), Ba U (d(x))}

=max{ 4 Y (0), Ba Y (d(x))}

=Ba U (d(x))

Putz=0, we have

oaa L(d(0*y)) = aa L (d(y)) 2 min {aa L (x*y), aa (d(x))}eeererens (1),
aa Y (d(0*y)) = aa Y (d(y)) 2 min{aa Y (x*y), aa Y (d(X))}-eeerreees (ii)
Ba 1 (d(0*y)) = Ba " (d(y)) = max {Ba " (x*y), Ba " (d(x))}rrrre (iii)
Ba U (d(0*y)) = Ba V(d(y)) smax{Ba U (x*y), B4 (d(X))}rrrrren (iv)
but oal(x*y)zmin{aal(x*(z*y), aa ' (z)}

=min{oa " (z* (x*y)), an " (2)}

=min{oa “(0), s L (2)} = aa L (2) eerreme W)

Ba b (x*y)smax{fa " (x*(z*y), Ba " (2)}

=max {Ba " (z* (x*y)), Ba " (2)}
=max{Bal(0),Bal(z)}=Bal(z) (vi)

o V(x*y)zmin{aal(x*(z*y), aa Y(2)}

=min{aaV (z*(x*y)), as U (2)}
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=min {aa V(0),aV(z)}=oaa Y (Z) (vii)
Bal(x*y)smax{BaV(x*(z*y), Ba U(2)}

=max{fa U (z*(x*y)),BaY(2)}
=max{BaY(0),BY(z)}=BaV(z) e (viii)

From (i), (v) ,wegetoaa L (d(y)) 2min{aa L (d(x)), aa “(2) }.
From (ii), (vii), we get a a Y (d(y)) 2 min { aa U (d(x)), aa Y (z) }.
From (iii),(vi), we get Ba L (d(y)) <max {Bal(d(x)),Ba L (z)}.
From (iv),(viii) ,we get B a Y (d(y)) s max {Ba Y (d(x)),Ba Y(z)}.
This completes the proof.

Lemma 3.6:

If ((aal, Bal),( aal, Bal )) is an interval valued intuitionistic fuzzy left derivations KU - ideal of KU - algebra X
and ifx < d(y), then

aa b (d(x)) 2 aat(d(y)).

aa Y (d(x)) 2 aa¥(d(y)).

Ba L(d(x)) = Ba (d(y)).

Ba U (d(x)) = Ba Y (d(y)).

Proof.

Ifx <d(y),then d(y) *x =0, y*x=0 since d(y) <y (from Proposition 2.13(i)) this
together with 0 *x=xand aa (0) 2 aa ™ (y) and aa Y (0) 2 an U (y) , we get
aal (d(0*x))=aal (d(x)) = min {aal (d(0) * (y *x)), aal (d(y))}
=min{aa®(0*0), aa ™ (d(y))}

=min {aa® (0), aa® (d(y))}

=aal (d(y)).

aa U (d(0*x)) = aa Y (d(x)) 2 min { aa U (d(0) * (¥ *x)), aa Y (d(¥))}
=min {a Y (0*0), aa Y (d(y))}

=min { a4 (0), a A’ (d(y))}

=aal (d(y))

Bal (0) < B al(y)andBal(0) <P aY(y),weget

Bal (d(0*x))=PBal (d(x)) cmax{Bal (d(0)* (y*x)),Bal (d(y))}
=max {Ba’(0*0),Bal (d(y))}

=max { fa® (0), Ba® (d(y))}

=Bat (d(y))

BaV (d(0*x)) =B a"(d(x)) s max {Ba?(d(0) * (y *x)), Ba ¥ (d(y))}
=max {Bal (0*0),BaY(d(y))}

=max { BaY (0), BaY (d(¥))}

=Ba v (d(y))-

Proposition 3.7 :

The intersection of any set of interval valued intuitionistic fuzzy left derivations KU - ideals of KU -algebra X is
also an interval valued intuitionistic fuzzy left derivations KU - ideal.

Proof.

Let {(oi, BiY),( aiV, BiY )} be a family of interval valued intuitionistic fuzzy left derivations KU - ideals of KU-
algebra X, then forany x,y, z €X,

(Nai)(0) = inf(ai* (0)) 2 inf(ai* (d(x))) (N )(d(x))
(Nai?)(0) = inf(a” (0)) 2 inf(ei” (d(x))) (Nai” ) (d(x))
(nB:*)(0) = inf(Bi* (0)) 2 inf(Bi" (d(x))) (NBi")(d(x))
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(NB:Y)(0) = inf(B:V (0)) = inf(BiV (d(x))) (N )(d(x))

and

(Nait)(d(x*2)) = inf (it (d(x * 2)) 2 inf(min (a" ((d(x)*(y*z)), ai"(d(y)))-

= min(inf (ai" ((d(x)*(y*z)), inf (ai(d(y))).

= min((Nait)(( d(x)*(y*2))), ((Neit) (d(y)))

(Nai¥)(d(x*z)) = inf (¥ (d(x * 2)) 2 inf(min (a¥ ((d(x)*(y*z)), a:’(d(¥)))-
= min(inf (aV ((d(x)*(y*z)), inf (e:¥(d(y)))-

= min((Na")((d(x)*(y*2))), ((Na")(d(y)))

(NBi1)(d(x*z)) = inf (Bi" (d( x * z)) < inf(max (Bi* ((d(x)*(y*z)), Bi+(d(y)))-

= max(inf (Bi" ((d(x)*(y*z)), inf (Bi*(d(y))).

= max((NB")(( d(x)*(y*2))), ((NB")(d(v)))

(NB")(d(x*z)) = inf (Bi¥ (d(x * z)) < inf(max (B ((d(x)*(y*z)), Bi"(d(y))).
= max(inf (B ((d(x)*(y*z )), inf (B:¥(d(y)))-

= max((NB)((d(x)*(y*2))), ((NR:Y)(d(¥)))

This completes the proof.

Lemma 3.8:

The intersection of any set of interval valued intuitionistic fuzzy right derivations KU - ideals of KU-algebra X is
also interval valued intuitionistic fuzzy right derivations KU - ideal.

Proof:

The proofis clear.

Theorem 3.9:

Let ((aa®, Bal),( aaV, BaV)) be a fuzzy set in X then ((aal, fal),( aa’, BaV)) is an interval valued intuitionistic
fuzzy left derivations KU- ideal of X if and only if it satisfies :

Forall y € [0,1],U (((aal, Bal),( aal, Bal)), y) # @ implies U(((aak, Bal),( aal, Bal)) ,y) is KU- ideal of X......... (A),
where U (((aa", Ba"),(aa?, Ba")), v) = {x €X/ ((aa, Ba'),(aa”, Ba")) (d(x)) 2 ¥} .

Proof:

Assume that ((aal, Bal),( aaY, BaV)) is an interval valued intuitionistic fuzzy left derivations KU- ideal of X, let y
€ [0, 1] be such that U (((aal, Bal),( aaY, BaV)),y) # @, and x, y €X such that x €U (((aa®, Bal),( aal, Ba¥)), V),
then ((aak, Bal),( aal, Ba¥)) (d(x)) =y and so by

(FL2), as™ (d(y * 0)) = aa® (d(0)) 2 min { aa® (d(y )* (x * 0) ), aa® (d(x))}

=min{ aa® (d(y) * 0), as® (d(x))}

=min { as" (0], cu™ (d(x))} =y,

aa¥ (d(y * 0)) = aa” (d(0)) 2 min {aa¥ (d(y )* (x*0) ), aa¥ (d(x))}

=min{ as’ (d(y) * 0), aa” (d(x))}

=min { aa’ (0), a? (d(x))} =y,

Ba® (d(y * 0)) = Ba* (d(0)) < max { Ba" (d(y)* (x* 0) ), B" (d(x))}

= max{ fa* (d(y) * 0), Ba" (d(x))}

=max { fa" (0], Ba" (d(x))} = v,

BaV (d(y * 0)) = Ba” (d(0)) < max { Ba" (d(y)* (x* 0) ), Ba¥ (d(x))}

= max{ fa¥ (d(y) * 0), Ba¥ (d(x))}

=max { fa¥ (0), Ba¥ (d(x))} =¥

hence 0 €U (((aa®, Ba"),(aa”, Ba”)), ¥) -

Let d(x) * (v * z) €U (((ca", Ba").( aa”, Ba” )) , v ), d(y) €U (((an®, Ba"),( aa”, Ba”)) , ¥), It follows
from(IFL3)and(IFL4) that

ast (d(x* z)) 2 min {aa® (d(x) * (y *2)), cu" (d(¥))} =y,
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aaV (d(x*z)) 2min {ax’ (d(x) * (v * 2)), aa” (d(y))} = v,

Ba® (d(x *2z)) < max { Ba- (d(x) * (y *2)), Ba" (d(¥))} = v,

Ba¥ (d(x *z)) < max { Ba¥ (d(x) * (y *2)), Ba" (d(¥))} =¥,

so thatx *z €U (((aal, Bal),( @al, Ba¥)), V).

Hence U (((aal, Bal),(aaY, BaY)),y) is KU - ideal of X.

Conversely, suppose that ((aal, Bal),( sV, faV)) satisfies (A),letx,y, z €X be such that

aat(d(x * z)) < min { aat(d(x) * (y * 2)) , aa"(d(y))}

aa( (d(x* z)) < min { aaU(d(x) * (y * 2)) , aa"(d(y))},

Bat(d(x * z)) < min { Ba" (d(x) * (v *2)) , Ba" (d(¥))},

Bal(d(x * z)) <min { BaY (d(x) * (y * 2)), Ba"(d(y))},

taking

Ao =1/2 {aa" (d(x *z)) + min { ax" (d(x) * (y * 2)) , au" (d(y)) },

Ao=1/2{ax" (d(x*2z)) + min {aa” (d(x) * (y *2)), aa’ (d(¥)) },

Ao =1/2{Ba" (d(x*2)) + min { Ba* (d(x) * (y *2)), Ba" (d(¥)) },

Ao =1/2{Ba"(d(x*z)) + min { Ba¥ (d(x) * (y *2)), Ba" (d(y)) }

we have A¢ € [0,1] and

aat (d(x*z)) <o <min {aa® (d(x) * (y * 2)), aa® (d(y)) },

anV (d(x*z)) <A <min { o’ (d(x) * (y *2)), aa” (d(y)) },

Ba (d(x*z)) < Ao <min { Ba" (d(x) * (v * 2)), Ba" (d(¥)) },

Ba¥ (d(x*2)) <o <min {BaY (d(x) * (y *2)), Ba" (d(¥)) }

it follows that

d(x) * (y * z) €U (((aalBal),( aal,faY)), Ao) and d(x * z) €U (((aal,Bal),( aa¥,Bal)), Ao) , this is a contradiction and
therefore ((aal,Bal),(aaY,BaY)) is an interval valued intuitionistic fuzzy left derivations KU - ideal of X .
Theorem 3.10:

Let [(aal,Bal),(aal,BaY)] be an interval valued intuitionistic fuzzy set in X then [(aal,BaL),( aal,faY)] is an interval
valued intuitionistic fuzzy right derivations KU- ideal of X if and only if it satisfies : For all y € [0,1] ,U
([(oal,Bal), (@, Bal)], v) # @ implies U([(ctal,Bal),( aal,faY)], v) is KU- ideal of X.

Proof:

The proofis obvious.

Proposition 3.11:

If [(aal,Bal),( aal,aY)] is an interval valued intuitionistic fuzzy left derivations KU - ideal of X, then
aat (d(x) * (x *y)) 2 aa® (d(y))

aaV (d(x) * (x*y)) 2 an’ (d(y))

Ba® (d(x) * (x *y)) < Ba (d(y))

Ba¥ (d(x) * (x *y)) < Ba? (d(y))

proof.

Taking z = x *y in (IFL3) and (IFL4) and using (KU2) and (IFLF1), we get

aat(d(x) * (x *y)) = min { aa® (d(x) * (v * (x *¥)) , aa® (d(¥)) }

=min { aa (d(x) * (x* (y *y)), aa® (d(y)) }

=min { aa" (d(x) * (x* 0)), aa® (d(y)) }

=min { aa (0), aa® (d(y)) }

= aa (d(y))-

aa(d(x) * (x *y)) 2 min { ax? (d(x) * (y * (x *y)) , aa? (d(y)) }

=min {aa? (d(x) * (x* (y *y)), aa"(d(y)) }

=min { aa¥(d(x) * (x * 0)), aa"(d(y)) }
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=min {ax" (0), aa"(d(y)) }
= anU(d(y))-
Bal(d(x) * (x *y)) 2 max { Ba"(d(x) * (y * (x *y)) , BaM(d(¥))}
= max { Ba(d(x) * (x * (y *y)) , Ba(d(y))}
=max { Ba*(d(x) * (x * 0)), Ba*(d(y)}
= max { B2"(0) , Ba"(d(y))}
= Bat(d(y)).
Bal(d(x) * (x *y)) 2 max { Ba"(d(x) * (y * (x *y)) , Ba¥(d(¥))}
=max { Ba"(d(x) * (x* (y *y)), Ba"(d(¥))}
=max { B2"(d(x) * (x* 0)), Ba"(d(y)}
= max { Ba"(0), Ba"(d(y))}
= Ba(d(y))-
Definition 3.12 :
Let ((oal,Bal),( aaY,BaV)) be an interval valued intuitionistic fuzzy left derivations KU - ideal of KU - algebra X,
the KU - ideals ((ol,Bet),( oY,BeY)), t € [0,1] are called level KU - ideal of ((aal,Bal),( aal,fa%)).
IV. IMAGE (PRE-IMAGE) OF INTERVAL VALUED INTUITIONISTIC FUZZY
DERIVATIONS KU-IDEALS UNDER HOMOMORPHISM
In this section, we introduce the concepts of the image and the pre-image of interval valued intuitionistic fuzzy
left derivations KU-ideals in KU-algebras under homomorphism.
Definition 4.1 :

Let f be a mapping from the set X to a set Y. If ((aal,Bal),( aaY,BaV)) is an interval valued intuitionistic fuzzy
subset of X, then the interval valued intuitionistic fuzzy subset A of Y defined by

f((aa"Ba"),( aa®,Ba")) (¥) = A(y) =
sup ((a4,85),(a%89)) ) , if F () ={x € X,f(x) =3} %0
xef Ly
0 . otherwise
is said to be the image of ((otal,Bal),( aal,fa%)) under f.
Similarly if A is an interval valued intuitionistic fuzzy subset of Y, then the interval valued intuitionistic fuzzy

subset ((aal,Bal),( aaY,BaY)) = A o fin X ( i.e the interval valued intuitionistic fuzzy subset defined by ((aaL,Bal),(
aaY,Ba))(x) = A (f (x)) for all x € X ) is called the primage of A under f.

Theorem 4.1:

An onto homomorphic preimage of an interval valued intuitionistic fuzzy left derivations KU - ideal is also an
interval valued intuitionistic fuzzy left derivations KU - ideal .

Proof:

Let f : X = X' be an onto homomorphism of KU - algebras , A an interval valued intuitionistic fuzzy left
derivations KU - ideal of X and ((a%BL),( aV,BY)) the preimage of A under f, then A (f (d(x)) = ((aalBal),(
aal,Bal))(d(x)), forallx € X. Letx € X, then

((oa™Ba"),(aa®,Ba"))(d(0)) = A (£(d(0))) 2 A (£ (d(x))) = ((ea™Ba™), ( «a”,Ba")) (A (x))-

Now letx,y,z €X, then

aat (d(x*2z)) = A (f(d(x * 2)))

2 min {A(f (d(x)) ** (f (y) * f(2)), A(f (d(y)))}

=min { A (f(d(x)*(y *z)),A (f (d(y)) }

=min { ax(d(x) * (y * 2))), aa®(d (¥))} -

anV (d(x *z)) = A (f (d(x * 2)))

2 min {A(f (d(x)) ** (f (y) * f(2)), A(f (d(y)))}

=min { A (f(d(x)*(y *z)),A (f (d(y)) }
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=min { ax’(d(x) * (y * 2))) , aa"(d (¥))} .

Bak (d(x *z)) = A (f (d(x * 2)))

< max {A(f (d(x)) * (f (y) ** f(z)), A(f (d(y)))}
=max { A (f(d(x)*(y * z)).A (f (d(y)) }

= max { Ba(d(x) * (y *2))), Ba"(d (v))} .
Bal(d(x *z)) =A (f(d(x *2)))

< max {A(f (d(x)) * (f (y) ** f(z)), A(f (d(¥)))}
=max { A (fld(x)*(y * z)).A (f (d(y)) }
=max { BaU(d(x) * (v *2))) , Ba¥(d (¥))} -
The proof is completed.

Definition 4.3 :

An interval valued intuitionistic fuzzy subset ((aal,Bal),( aaY,BaV)) of X has sup property if for any subset T of X,
there exist to € T such that,

((oat,Ba),( @aY,BaY))(to) = flelIT) ((aal,Bal),( aa?,BaM)) (D).

Theorem 4.2:

Letf: X = Y be a homomorphism between KU - algebras X and Y . For every interval valued intuitionistic fuzzy
left derivations KU - ideal ((aal,Bal),( aal,BaY)) in X, f ((aal,Bal),( aaV,faY)) is an interval valued intuitionistic
fuzzy left derivations KU - ideal of Y .

Proof:

By definition,

A(d(y?) = f((aabBa),(aa’Ba) (d(y")) =d( ) f—lf}(’d( . ((oat,Bal),(@a”,BaY)) (d(x))
x)€e y

forally’ € Yand sup ¢ = 0.

We have to prove that

A (d(x'*z")) 2 min{A ((d(x') *(y"™* 2")), (d(y))}.

A(d(x' *2z") < max{A ((d(x") *(y"* "), (d(y))}.forallx,y', z’ €Y.

Letf: X — Y be an onto a homomorphism of KU - algebras, ((oal,Bal),( aaV,fa)) an interval valued intuitionistic
fuzzy left derivations KU - ideal of X with sup property and A the image of ((atal,Bal),( aal,BaY)) under f ,since
((aal,Bal),( aaY,BaY)) is an interval valued intuitionistic fuzzy left derivations KU - ideal of X, we have

aat (d(0)) = aa® (d(x)),

aa’ (d(0)) 2 an’ (d(x)),

Bat(d(0)) = Ba" (d(x)),

BaV (d(0)) = BaU(d(x)) for all x € X. Note that 0 € f-1(0"), where 0, 0" are the zero of X and Y respectively.

Thus, (A(d(0") = sup aal (d(t)) = aal (d(0)) = aal (0) = aal (d(x))
d(t)ef~1(d(0"))
(A(d(o) = sup aal (d(t)) = aal (d(0)) = aa¥ (0) = aaV (d(x))

d®)ef~1(d(0"))

(A(d(0)) = sup Ba (d(t)) = Ba" (d(0)) = Ba™(0) < Ba"(d(x))
d®)ef~1(d(0"))

(A(d(0)) = sup Ba¥ (d(t)) = Pa¥ (d(0)) = Ba¥ (0) < Ba" (d(x)) forallx €X,
d®)ef~1(d(0"))

which implies that

(A(d(0)) = sup aa (d(t)) = (A(d(x"))
d(®)ef~1(d(0"))

(A(d(0)) = sup aa? (d(1) = (A(d(x)
d(®)ef~1(d(0"))

(@) =< sup Bt (d(1) = (A(d(x))
A(Def ("))

(A(d(0) = sup Bal (d(t)) = (M(d(x")) foranyx' € Y.Foranyx',y',z' €Y,let
d®)ef~1(d"))
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d(xo) € f-1(d(x")), d(yo) € f-1(d(y")), d(zo) € f-1(d(z")) be such that

aa(d(x0+20)) = sup aat(d(t)) , aat(d(yo)) = sup aa® (d(t)
d(t)ef 1 (d(x"+z")) a(t)ef~1d"))

aal (d(x0+20)) = sup aal (d(1)) , aal(d(yo)) = sup aa (d(1))
d(t)ef 1 (d(x"+z")) a(t)ef~1d’))

Bak(d(x0+2z0)) = sup Bak(d(t)) , Bat(d(yo)) = sup Bak(d(1))
d(t)ef 1 (d(x"+z")) d()ef~1d’))

Ba¥ (d(x0+20)) = sup Ba¥ (d(t)) , Ba¥(d(yo)) = sup Ba¥ (d(1)
a(ef~1(d(x'+z")) d()ef~1d'))

and

aat(d(x0)*(y0*20)) = A{ f(d (x0)* (y0*20))}
=A(d(x)* (vy™*2)

= sup aal(d(x0)*(y0*z0))
(d(xo)*(o*zo)ef ~H(d(x)x(y"*z"))
= sup aal (d(t))

) (d@®ef~1d(xN)*(y'*z"))
aal (d(x0)*(y0*20)) = A{ f( d (x0)* (y0*z0))}
=A(d x')* (™))

= sup aaV(d(x0)*(yo*zo))
(d(xo)*(o*zo)ef ~H(d(x)x(y"*2"))
= sup aal (d(t))

) (d@®ef~1d(x)*(y'*z"))
Bal (d(x0)*(yo*2z0)) = AL f( d (X0)* (y0*20))}
=A(d x')* (™))

= sup Bal (d(x0)*(y0*z0))
(d(x0)*(o*zo)ef ~1(d(x ) (y'+z"))
= sup Bal (d(1))

) (d@®)ef~1d(x )y *z"))
BaU(d(x0)*(y0*20)) = M{ f( d (x0)* (y0*z0))}
=A(d x")* (y™*2))

= sup BaU (d(x0)*(y0*20))
(@(x0)*(Yo*zo)ef~H(d(x)*(y'*z"))

- sup BaU (d(1))
(d@®ef~Hd(x)x(y'*z"))

Then

A(d(x'*z)) = sup st (d(1)
d®ef~1d(x'+z"))

(XAL (d(Xo *Z0 D

min { aa(d(x0)*(y0*z0)) , aal(d(yo)) }

=min{ sup ak (d(), sup aj (d(t)) }
@®)ef~1dxDx(y'*z")) d®)ef~1dy'))

= min {A(d (X' )* (y'*z')) , A(d(y'))}

Al *z) = sup aal (d(B)
d(t)ef~H(d(x'+z"))

aAU (d(Xo *Z0 ))

min { aaV(d(x0)*(y0*z0)) , aa’(d(y0)) }=

min { sup af (d®)), sup  af (@d®) }
(d@®)ef~d(x)*(y'*z")) d®ef~1d’))

=min {A(d (x')* (y"*z")), A(d(y"))}

A(d(x' *z7) = sup Bat (d(1))
dOef~1(d(x'+z"))

= Bal (d(x0+20))

v

v
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< max { B4(d(x0)*(y0*zo)) , Bal(d(yo)) }=

max{ sup B (d®), sup Bk (d(D) }
@®ef 1@ ' 52" )) d®ef 1o’

=max {A(d (x')* (y*z")), A(d(y")}

A(dx' *z7) = sup Bal (d(1))
dOef~1(d(x"+z"))

Ba¥(d(x0+20))

max { Ba"(d(x0)*(y0*20)) , Ba¥(d(y0)) }=

max { sup By (d®), sup  BF(@®) }
d@®efHaxD+(y'+z")) d@®ef~1@dy’)

=max {A(d (x')* (y"*z")), Md(y"))}

Hence A is an interval valued intuitionistic fuzzy left derivations KU-ideal of Y.

Theorem 4.5:

An onto homomorphic preimage of an interval valued intuitionistic fuzzy right derivations KU - ideal is also an
interval valued intuitionistic fuzzy right derivations KU - ideal.

IA

Proof:
The proofis obvious.
Theorem 4.6 :

Letf: X = Y be a homomorphism between KU - algebras X and Y . For every interval valued intuitionistic fuzzy
right derivations KU - ideal((aal,Bal),( a@al,fa%)) in X, f ((aal,Bal),( aa¥,BaV)) is an interval valued intuitionistic
fuzzy right derivations KU - ideal of Y .
Proof: The proofis clear.

V. CARTESIAN PRODUCT OF INTERVAL VALUED INTUITIONISTIC FUZZY LEFT

DERIVATIONS KU-IDEALS

Definition 5.1:
An interval valued intuitionistic fuzzy ((oalBal),( aal,BaV)) is called an interval valued intuitionistic fuzzy
relation on any set S, if ((ok,BL),( al,fY)) is an interval valued intuitionistic fuzzy subset ((aal,Bal),( @al,fa%)) : S
xS—[0,1].
Definition 5.2 :

If((aalBal),( aal,fa))is an interval valued intuitionistic fuzzy relation on a set S and A is an interval valued
intuitionistic fuzzy subset of S ,then ((aal,Ba%),( ®al,fa")) is an interval valued intuitionistic fuzzy relation on A if
((oa™Ba"), (aa®,Ba")) (x, y) < min {A(x), A(y)}, VX, y ES.

Definition 5.3 :

Let ((aalBal),( aaY,BaV)) and A be interval valued intuitionistic fuzzy subset of a set S, the Cartesian product
of((aal,Bal),( aal,fa%)) and A is define by

(((oa®,Ba"),( a?Ba"))x A) (x, y) = min {((a,p4),(a’,BY))(X) , A (¥)}, VX,V ES.

Lemma 5.4 :

Let ((aal,Bal),( aa,BaV)) and A be interval valued intuitionistic fuzzy subset of a set S ,then

(1) (((aaL,Bal),( aal,BaY)) xy) is a fuzzy relationon S .

(i) (((aa™Ba"),(a%,Ba")) x ¥)e = ((cta®,Bat),( aa”,Ba"))ex ve forall t € [0,1].

Definition 5.5 :

If ((aalBal),( aaY,BaY)) is an interval valued intuitionistic fuzzy left derivations relation on a set S and vy is an
interval valued intuitionistic fuzzy left derivations subset of S, then ((aal,Bal),( aaV,fa")) is an interval valued
intuitionistic fuzzy left derivations relation on y if

( ((aalBab),(@a¥,Ba))(d (x,y)) <min {y(d (x)), y(d (¥))}, Vx,y €S.
Definition 5.6 :
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Let ((oal,Bal),( aa¥,BaV))and y be interval valued intuitionistic fuzzy left derivations subset of a set S,the
Cartesian product of ((aal,Bal),( aal,faY)) and y is define by

(((oa®Ba"),( a?Ba")) x ¥)(d (x, y)) = min { ((aa"Ba"),(@a¥,Ba"))) (d (x)), v(d (¥))}, VX,V ES.

Lemma 5.7:

Let ((aal,Bal),( aal,faV)) and y be fuzzy subset of a set S ,then

(1) ((oal,Bal),( aal,Bal)) x vy is a fuzzy relationon S,

(i) ((aa®Ba"),( a’Ba")) x v )= ((a®,Bat),( 0a”,Ba"))e x vt for all t € [0,1].

Definition 5.8 :

If vy is an interval valued intuitionistic fuzzy left derivations subset of a set S, the strongest interval valued
intuitionistic fuzzy relation on S, that is an interval valued intuitionistic fuzzy derivations relation on y is
((otal,Bal),(oal,BaY))y given by

((oa®Bat),( 0’ Ba®))y (d (%, y)) =min{y (d (x)),y (d (¥))}, Vx,y € S.

Lemma 5.9:

For a given interval valued intuitionistic fuzzy left derivations subset S, let ((aalBal),( aa%BaV)), be the
strongest interval valued intuitionistic fuzzy left derivations relation on S, then for t € [0,1], we have

(((oa®,Ba"),( &a”,Ba"))Y)e= ve x Ve
Proposition5.10 :

For a given interval valued intuitionistic fuzzy subset y of KU - algebra X, let ((aal,Bal),( aal,fal))y be the
strongest left interval valued intuitionistic fuzzy derivations relation on X. If ((aal,fal),( aal,fa")), is an interval
valued intuitionistic fuzzy left derivations KU - ideal of X x X, theny (d (x)) <y (d (0))=y (0) forallx €X.

Proof:

Since ((otal,Bal),( aal,fal))y is an interval valued intuitionistic fuzzy left derivations KU- ideal of X x X, it follows
from (F1) that

aaly(x,x) =min {y (d (x)),y (d (x))} = v (d(0, 0)) = min {y (d (0)), v (d (0))},
aaly(x, x) =min {y (d (x)), v (d (x))} < v (d(0, 0)) = min {y (d (0)), v (d (0))} ,
Baly(x, x) =min {y (d (x)),y (d (x))} <y (d(0,0)) =min {y (d (0)), v (d (0))},
Baly(x,x) =min{y (d (x)),y (d (x))} =y (d(0,0)) =min {y (d (0)),v (d (0))},
where (0,0) € Xx Xtheny (d(x)) <y (d(0))=vy(0).

Remark 5.11:

Let X and Y be KU- algebras, we define * on X x Y by :

Forevery (x,y), (u,v) €XxY,(x,y)*(u,v)=(x*u,y*v), then clearly
(XxY,*,(0,0))isaKU- algebra.

Theorem 5.12:

Let ((oal,Bal),(aaY,BaY)) and y be an interval valued intuitionistic fuzzy left derivations KU- ideals of KU - algebra
X then ((aab,Bal),( aal,faY)) x v is an interval valued intuitionistic fuzzy left derivations KU-ideal of X x X.

Proof:

For any (x,y) € X x X ,we have,

(aat xy ) (d((0, 0)) = min { aa" (d (0)), y(d (0))} = min { aa™(0), v (0)}

2 min { aat(d (x)), v(d (x))} = (aa"xy )(d (x,y)) .

(aaV x vy ) (d((0, 0)) = min { aa? (d (0)), y(d (0))} = min { aa¥(0), y (0)}
2 min { aa¥(d (x)), y(d (x))} = (@’ x v )(d (x,¥)) .

(Batxy ) (d((0, 0)) = max { Ba" (d (0)), y(d (0))} = max { Ba~(0) , v (0)}
< max { fat(d (x)), v(d (x))} = (Ba"x v )(d (x,¥)) .

(BaV <y ) (d((0, 0)) = max { Ba" (d (0)), y(d (0))} = max { Ba¥(0) , v (0)}
< max { fa%(d (x)), v(d (x))} = (Ba"x v )(d (x,¥)) .

Now let (x1,x2), (y1,y2), (z1,22) € Xx X, then,
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(aal xy )(d (x1* 21, X2 * 22))

=min { aa(d (x1,21)), v (d (X2, 22))}

> min{min { as!(d (x1 )*(y1 *22))), ca(d(y2))}} , min {v(d (x2) * (v2 *z2))) v (d(y2))}}
= min{min{ aa(d (x1) * (y1 * z1))) , aa(d (x2) * (y2 * 22)))} , min{ aa*(d(y1)), v(d(y2))}}
= min{( aak xy) ((d(x1) * (y1 *z1) , d(x2) * (y2 * 22))) ,( aa" x ¥) (d(y1), d(y2))} -

(caVxy )(d (x1* 21, X2 * 22))

=min { aaV(d (x1,21)) , v (d (x2, 22))}

= min{min { aa¥(d (x1)*(y1 * z1))), aa(d(y1))}}, min { y(d (x2) * (y2 * 22))) , v (d(y2))}}
= min{min{ aa’(d (x1) * (y1 * z1))) , aa"(d (x2) * (y2 * 22)))} , min{ aa"(d(y1)), v(d(y2))}}
=min{( aa” xy) ((d(x1) * (y1*z1), d(x2) * (y2 * z2))) ,( aa” x v) (d(y1), d(y2))}

(Babxy )(d (x1* 21, X2 * 22))

= max { Bal(d (x1,21)) , v (d (xz, z2))}

< max{max { fa"(d (x1)*(y1 * z1))), Ba"(d(y1))}}, max { y(d (x2) * (y2 * 22))) , v (d(y2))}}
= max{max{ fa"(d (x1) * (y1* z1))) , Ba'(d (x2) * (y2 * 22)))} , max{ Ba(d(y1)), v(d(y2))}}
= max{( Batxy) ((d(x1) * (y1*z1), d(x2) * (y2 * 22))) ,( Ba" x ¥) (d(y1), d(y2))}

(BaVxy )(d (x1 * 21, X2 * 22))

=max { Ba’(d (x1,21)) , v (d (x2, 22))}

< max{max { BY(d (1 )*(y1 * z0))), Ba(d(ya)}) , max {y(d (x2) * (v * 22))) , ¥ (d(y2))}}
= max{max{ fa’(d (x1) * (y1 *z1))) , Ba"(d (x2) * (y2 * z2)))} ,max{ Ba"(d(y1)), v(d(y2))}}
= max{( fa’ x y) ((d(x1) * (y1*z1), d(x2) * (y2 * 22))) ,( Ba¥ x ¥) (d(y1), d(y2))}

Hence ((oal,Bal),( aaY,BaY)) x v is a fuzzy left derivations KU- ideal of X x X..

Remark 5.13:

Let((aakBal),( aal,BaY)) and y be an interval valued intuitionistic fuzzy left derivations subset of KU-algebra X
,such that ((oal,fal),( aal,Bal)) x v is an interval valued intuitionistic fuzzy left derivations KU-ideal of X x X,
then

()Either ((aa"Ba"),( aa’,Ba")) (d (x)) < ((aa"Ba"),( aa’,Ba")) (d (0)) ory (d (x)) =y (d (0)) forall  x€X.

(i) If ((aabBal),( aa¥,BaY)) (d (x)) < ((xalBal),( aaV,BaY)) (d (0)) for all x €X, then either ((aakBab),(
aa’,Ba")) (d (x)) =y (d(0)) ory (d (x)) <y (d(0)),

(iii) If y (d (x)) =y (d (0)) for all x € X, then either ((aal,Bal),( aa,BaY)) (d (x)) < ((otal,Bal),( @aV,BaY)) (d (0)) ory
(d (x)) = ((aa"Ba"),( @a”,Ba")) (d(0)),

(iv) Either ((aal,Bal),( aaY,BaV)) oryis an interval valurd intuitionistic fuzzy left derivations KU- ideal of X .
Theorem 5.14 :

Let y be an interval valued intuitionistic fuzzy subset of KU- algebra X and let ((aal,Bal),( aal,fa%)) y be the
strongest interval valued intuitionistic fuzzy left derivations relation on X , then y is an interval valued
intuitionistic fuzzy left derivations KU - ideal of X if and only if ((aal,Bal),( aa’,BaY)) y is an interval valued
intuitionistic fuzzy left derivations KU- ideal of X x X

proof:

Assume that y is an interval valued intuitionistic fuzzy left derivations KU- ideal X, we note from (F1) that:
aaty(0, 0) = min {'y (d(0)), v (d(0))} =min {y (0), v (0)} 2 min{y (d(x)),y (d(y)) }

= aaly(d(x), d(y) ).

aa'(0, 0) = min {y (d(0)), v (d(0))} =min {y (0), v (0)} 2 min {y (d(x)), v (d(y)) }

= aa%(d(x), d(y) ).

Baly(0, 0) = min {'y (d(0)), y (d(0))} =min {y (0),y (0)} 2 min {y (d(x)), v (d(y)) }

= Baly(d(x), d(y) )

Ba%(0, 0) = min {'y (d(0)),v (d(0))} =min {y (0), v (0)} 2 min {y (d(x)), vy (d(y)) }

= Ba%(d(x), d(y) ).
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Now, for any (x1,x2) , (Y1,y2) ,(z1,22) € Xx X, we have from (F2) :

aaly (d(x1 * z1) , d(x2 * 22))

=min{y (d(x1 *z1)),y (d(x2 * z2))}

= min {min{y (d (x1)*(y1 * z1)), v (d(y1))}, min {y (d(x2) * (y2 * z2)) , v (y2)}}

= min{min{y (d(x1) * (y1 * 1)), y (d(x2) * (y2 * z2))}, min{'y (d(y1)), v (d(y2))}}
= min { aaly (d(x1) * (y1 * 1), d(x2) * (y2 * 22)) , aa'y(d(y1) , d(y2))} -

aaYy (d(x1*z1), d(x2 * z2))

=min {y (d(x1 *z1)), v (d(x2 * z2))}

2 min {min{y (d (x1)*(y1 * 1)), vy (d(y1))}, min {y (d(x2) * (y2 * 22)) , ¥ (y2)}}

= min{min{y (d(x1) * (y1 * 1)), vy (d(x2) * (y2 * z2))}, min{'y (d(y1)), v (d(y2))}}
= min { aaly (d(x1) * (y1* 21) , d(x2) * (y2 * 22)) , aa®(d(y1) , d(y2))} -

Baly (d(x1 *21), d(x2 * 22))

=max {y (d(x1*z1)),y (d(x2 * 22))}

< max {max{y (d (x1)*(y1*z1)), v (d(y1))}, max {y (d(x2) * (y2 * z2)) , vy (y2)}}

= max{max{y(d(x1) * (y1*z1)) v (d(x2) * (y2 * z2))}, max {y (d(y1)), v (d(y2))}}
=max { Baly (d(x1) * (y1 * 1), d(x2) * (y2 * z2)) , Bay(d(y1) , d(y2))} -

Baly (d(x1*z1) , d(x2 * 22))

=max {y (d(x1*z1)),y (d(x2 * z2))}

< max {max{y (d (x1)*(y1*z1)), v (d(y1))}, max {y (d(x2) * (y2 * z2)), vy (y2)}}

= max{max{y(d(x1) * (y1*z1)), v (d(x2) *(y2 * z2))} , max {y (d(y1)), v (d(y2))}}
= max { Baly (d(x1) * (y1* 21) , d(x2) * (y2 * 22)) , Ba¥(d(y1) , d(y2))} -

Hence ((oal,Bal),( aaY,BaY)) v is an interval valued intuitionistic fuzzy left derivations KU - ideal of X x X.
Conversely . Forall (x,y) € X x X, we have

min {y (0),y (0) } = ((aa®Ba"),( @a",Ba")) y(x,y) = min{y (x),y (y)}. It follows that
Y (0) 2y (x) for all x € X, which prove (F1).

Now, let (x1, x2), (y1,V2), (z1,22) € X x X, then

min {y (d(x1*z1)),v d(x2 * z2))}

= oaly (d(x1 * z1) , d( X2 * 22))

= min { aaly (d(x1,x2) * ((y1,y2) * (21, 22) ), aaly (d(y1),d(y2))}

=min { aaly (d(x1) * (y1 *z1), d(x2) * (y2 * 22)) , ey (d(y1) , d(y2))}

= min {min {y (d(x1)* (y1 * z1)) , y (d(x2) *(y2 * z2))}, min {'y (d(y1)) , v (d(y2))}}
= min {min {y (d(x1) *(y1 * z1)), y (d(y1))}, min {y ((d(x2) * (y2 * z2)) , y(d(y2))}}
min {y (d(x1 *z1)), vy d(xz * z2))}

= aaly (d(x1*z1), d( x2 * z2))

2 min { aa’y (d(x1,x2) * ((y1,y2) * (21, 22) ), aaly (d(y1).d(y2))}

=min { o' (d(x1) * (y1 *2z1) , d(x2) * (y2 * 22)) , aaly (d(y1) , d(y2))}

=min {min {y (d(x1)*(y1 *21)), vy (d(x2) * (y2 * z2))}, min {y (d(y1)) , v (d(y2))}}
= min {min {y (d(x1) *(y1 * z1)), y (d(y1))}, min {y ((d(x2) * (y2 * z2)) , v(d(y2))}}
max {y (d(x1 *z1)), vy d(x2 * z2))}

= Baly (d(x1 * 1), d(x2 * 22))

< max { Baly (d(x1, x2) * ((y1,y2) * (21, 22) ), aaly (d(y1).d(y2))}

= max { Baly (d(x1) * (y1 *21) , d(x2) * (y2 * 22)) , aaly (d(y1) , d(y2))}

= max {max{ y(d(x1)* (y1*z1)) v (d(x2) *(y2 * z2))} , max {y (d(y1)), v (d(y2))}}
= max {max{y (d(x1) *(y1*z1)),y (d(y1))}, max{y ((d(x2) * (y2 * z2)) , v(d(y2))}}
max {y (d(x1 *z1)), vy d(xz * z2))}
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= Baty (d(x1* 1), d(x2 * 22))

s max { Baly (d(x1,x2) * ((y1,y2) * (21, 22) ), aaly (d(y1),d(y2))}

=max { Baly (d(x1) * (y1*z1) , d(x2) * (y2 * 22)) , aaly (d(y1) , d(y2))}

= max {max{ y(d(x1)* (y1 * z1)) , y (d(x2) *(y2 * z2))} max {y (d(y1)) , vy (d(y2))}}

= max {max{y (d(x1) *(y1 * z1)) , v (d(y1))} max{y ((d(x2) * (y2 * z2)) , y(d(y2))}}

In particular, if we take xz = y2=z;=0, then,

y (d(x1* z1)) 2 min {y (d(x1) * (y1* z1)), y (d(y1))}

y (d(x1 *z1)) s max {y (d(x1) * (y1 * z1)), vy (d(y1))}

This prove (IFL3) and (IFL4).

This completes the proof.
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