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ABSTRACT 

Laplace Transform is a very unique and powerful mathematical technique with its applications been applied in 

every field of engineering. This paper discusses with what Laplace Transform is, and what is it actually used for. 

The definition of Laplace Transform and most of its important properties have been mentioned. This paper also 

includes a brief overview of Inverse Laplace Transform. A number a methods used to find the time domain 

function from its frequency domain equivalent have been explained with detailed explanations. Also included 

the Applications of Laplace Transformation in Mechanical Engineering with key focus on the mathematical 

modelling of a Mechanical Vibratory System (Spring-Mass-Damper System) and its usage in Control System to 

obtain the transfer function and transient response of a mechanical system. 
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I. INTRODUCTION 

In mathematics, Laplace transformation constitutes an important tool in solving linear ordinary differential 

equations and partial differential equations in the time domain. These solutions are in respect with constant 

coefficients under suitable initial and boundary conditions with first finding the general solution and then 

evaluating from it the arbitrary constants. 

As a significant tool the principal task of Laplace transform is, in establishing the suitable mathematical model 

for the solution of equations. Laplace transform converts the function f (t) from its time domain to frequency 

domain F(s). Then inverse Laplace transform transfers the converted frequency domain F(s) into time domain. 

In brief, Laplace transform converts differential or integral equations into an algebraic equation. The extensive 

choice of application makes Laplace transform as a powerful tool in studying the characteristics of engineering 

problems. [2]. 

Mathematically, it can be expressed as: 

  [ ( )]  ∫      ( )    ( )
 

 

 

Laplace transform methods have a key role to play in the modern approach to the analysis and design of 

engineering systems [5]. This paper helps the reader understands the fundamentals of Laplace transformation 

and presents basic concept of the applications of Laplace Transformation in mechanical engineering with 

respect to mathematical modeling of mechanical systems.  

II. HISTORY 

Laplace transformation, in mathematics, a particular integral transformation invented by the French 

mathematician Pierre-Simon Laplace (1749-1827), and systematically developed by the British physicist Oliver 

Heaviside (1850-1925), to simplify the solution of many differential equations that describe physical processes.  

The current widespread use of the transform (mainly in engineering) came about during and soon after World 
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War II, replacing the earlier Heaviside operational calculus. The advantages of the Laplace transform had been 

emphasized by Gustav Doetsch, to whom the name Laplace Transform is apparently due. From 1744, Leonhard 

Euler investigated integrals of the form 

  ∫ ( )             ∫ ( )       

as solutions of differential equations but did not pursue the matter very far. Joseph Louis Lagrange was an 

admirer of Euler and, in his work on integrating probability density functions, investigated expressions of the 

form 

∫ ( )         

which some modern historians have interpreted within modern Laplace transform theory. These types of 

integrals seem first to have attracted Laplace's attention in 1782, where he was following in the spirit of Euler 

in using the integrals themselves as solutions of equations. However, in 1785, Laplace took the critical step 

forward when, rather than simply looking for a solution in the form of an integral, he started to apply the 

transforms in the sense that was later to become popular. He used an integral of the form 

∫   ( )    

in to a Mellin transform, to transform the whole of a difference equation, in order to look for solutions of the 

transformed equation. He then went on to apply the Laplace transform in the same way and started to derive 

some of its properties, beginning to appreciate its potential power. Laplace also recognized that Joseph 

Fourier's method of Fourier series for solving the diffusion equation could only apply to a limited region of 

space, because those solutions were periodic. In 1809, Laplace applied his transform to find solutions that 

diffused indefinitely in space [4]. 

III. PRELIMINARIES 

In order for any function of time f (t) to be Laplace transformable, it must satisfy the following Dirichlet 

conditions: 

 f (t) must be piecewise continuous which means that it must be single-valued but can have a finite number 

of finite isolated discontinuities for t > 0.  

 f (t) must be an exponential order which means that f(t) must remain less than Se-taₒ     as t approaches ∞ 

where S is a positive constant and aₒ is a real positive number. 

If there is any function f (t) that satisfies the Dirichlet conditions, then 

 ( )  ∫  ( )      
 

 

 

Written as  ( ( )) is called the Laplace transformation of f (t). Here, ‘s’ can be either a real variable or a complex 

quantity [1]. 

The integral ∫  ( )       converges if  

∫| ( )    |            [1]. 

Various Properties of Laplace Transformations  

1. Linearity Property 

2. Shifting Property 

3. Change of Scale Property  

4. Multiplication by tn Property 

5. Laplace Transform For Derivative 

6. Laplace Transform For Integral 

7. Initial Value Theorem 

8. Final Value Theorem 

Linearity Property: If   f (t) and g (t) are any two functions of t whose Laplace transforms exist, and a, b are 

any two constant coefficients, then we have 

L [a f (t) + b g (t) = a L [f (t) + b L [g (t)] 
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Example:    {    ( )}   {
 

 
   

 

 
   }  
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(   ) (   )

(    )
 

 

(    )
 [6]. 

Shifting Property: If   [  ( )]   ( )       [     ( )]   (   ) 

Thus, a in the above formulation is the shifting factor, i.e. the parameter s in the transformed function f (t) has 

been shifted to (s-a). 

Example: Perform the Laplace transform on function:  ( )        (  ) 

 [  ( )]   [      ]  
 

      
 

We use the shifting property to get the Laplace transform of    ( )        (  ), by shifting the parameter s by 

3,  

 [ ( )]   [          ]  
 

(   )      
  [11]. 

Change of Scale Property: If L [f (t)] = F(s), then  [  (  )]  
 

 
 (

 

 
) 

where a = scale factor for the change 

Example: Perform the Laplace transform of function F (t) = Sin3t 

 [  ( )]   [    ]  
 

    
  ( ) 

We may find the Laplace transform of F (t) using the Change scale property to be: 

 [     ]  
 

 

 

(
 

 
)
 
  
 

 

    
  [11] 

Multiplication by tn Property: If  [ ( )]   ( )      

 [   ( )]  (  ) 
  

   
 [ ( )]  [5]. 

Laplace Transform For Derivative: For t≥0, let f (t) be function which is having an exponential order ‘a’ and is 

continuous on [0, ∞),   [so that lim e-stf (t) = 0]. Let f’ (t) be also continuous and of exponential order ‘a’ or 

piecewise continuous on [0, ∞), then 

    ( )    ( )   ( )                ( )   ( ) 

Initially we have derivative of time domain then we convert it into algebraic equation in Laplace domain [6]. 

Laplace Transform For Integral: The integration theorem includes: 

    [ ( )]   ( )         
  ( )   

 

 
 ( ) 

Evaluation of integral:  

    [ ( )]   ( )        
      ( )    ( ) 

Taking the limits as s→0  

  
   ( )    ( ) 

By assuming the integral to be convergent... [6] 

Initial Value Theorem:  

    [ ( )]   ( )      

   
   

[ ( )]     
   

  ( ) 

Conditions: 1. Applicable only when f (t) = 0, t<0 

2. Applicable only when we have the power of numerator polynomial less than that of denominator i.e.  

 ( )  
 

   
   [6]. 

Final Value Theorem:  

This theorem is not quite as useful as the initial value theorem, for it can be used only with a certain class of 

transforms. In order to determine whether a transform fits into this class, the denominator of F(s) must be 

evaluated to find all values of s for which it is zero. 
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    [ ( )]   ( )       

   
   

 ( )     
   

  ( ) 

Increasing exponentials (like eatwhere ‘a’is a positive number) that goes to ∞ as t increases, and the oscillating 

functions (like sine and cosine that have no final value) are examples for which this theorem can’t be used [6]. 

Inverse Laplace Transformation 

The inverse Laplace transformation is the transformation of a Laplace transformation into a function of time.  

If [ ( )]   ( ), thenf (t) is the inverse Laplace transformation of F(s), the inverse being written as:  ( )  

   [ ( )]. Here     denotes the inverse Laplace transformation. 

Example: Since  [   ]  
 

   
                 [

 

   
]      [6] 

3 Ways to inverse Laplace transform: 

 Use LP Table by looking at F(s) in right column for corresponding f (t) in middle column-chance of success is 

not very good. 

 Use partial fraction method for F(s) = rational function (i.e. fraction functions involving polynomials), and 

 The convolution theorem involving integrations [11]. 

IV. APPLICATIONS IN MECHANICAL ENGINEERING 

Laplace Transform plays a very huge and important role in the field of Mechanical Engineering. It ranges from 

its application to mechanical vibratory system to the mathematical modeling of mechanical systems and as well 

as finding transfer function of a control system.  

A. Mechanical Vibratory System:  

In Mechanical Engineering, Vibratory systems include three basic components: Spring (K), Mass (M) and 

Damper (B). The spring works as a means of storing potential energy, and the mass is for storing kinetic energy. 

When the spring receives the force through the application of the mass, energy is lost gradually or absorbed by 

the damper in the system. In the Spring-Mass-Damper System, there is either a transitional displacement or a 

rotational displacement. 

Translational Displacement: a translational displacement of an object is when its movement from one point to 

another is along a linear path.   

VIBRATORY SYSTEM COMPONENTS: TRANSLATIONAL DISPLACEMENT 

COMPONENT 
VELOVITY 

[ v(t) ] 

DISPLACEMENT 

[ x(t) ] 

SPRING (K)  ( )   ∫  ( )   
 

 

  ( )     ( ) 

MASS (M) 
 ( )   

  ( )

  
 

 
 ( )   

   ( )

   
 

DAMPER (B)  ( )   B v(t)  ( )   
  ( )

  
 

Example 1: Consider the below Spring-Mass-Damper System with transitional displacement: 
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Here the system can be modeled by solving the differential equation of the system using the application 

of Laplace Transform. Herein, M(Mass of block) = 1, K(Stiffness of Spring) = 8 and B (Damper) = 5. 

 ( )   
   ( )

   
  

  ( )

   
    ( ) 

Taking Laplace Transform: 

Initially when     
  

  
    ( )    

 ( )        ( )       ( )     ( ) 

Sustituting the values for M, B and K 

 ( )      ( )       ( )     ( ) 

Rotational Displacement: an object is said to be rotationally displaced when its movement is around the axis of 

the object in a circular path.  

VIBRATORY SYSTEM COMPONENTS:  ROTATIONAL DISPLACEMENT 

COMPONENT 
VELOVITY 

[ w(t) ] 

DISPLACEMENT 

[ Ө(t) ] 

SPRING (K)  ( )   ∫  ( )   
 

 

  ( )     ( ) 

INERTIA (J) 
 ( )   

  ( )

  
 

 
 ( )   

   ( )

   
 

DAMPER (D)  ( )   D w(t)  ( )   
  ( )

  
 

Example 2: Consider the Spring-Mass-Damper System with Rotational Displacement 

Using Laplace Transform to find the Transfer Function of a Rotational Mechanical System below: 
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This system shows a rotational displacement system with two equations of motion. The system at a  fix point 

contains three springs and two dampers. Here a transfer function is found uisng the technique of Laplace 

Transform.  

 ( )  
  ( )

 ( )
 

Considering the two equations of motion    and    while taking Laplace Transform, we get: 

    (           )  ( )  (    )     

     (    )  ( )  (  
        )  ( )   ( ) 

(        )  ( )  (   )  ( )    

 (   )  ( )  (  
     )  ( )   ( ) 

  ( )  

  (   )

 ( ) (       )

         (   )

 (   )        

 

  ( )   
  ( ( ))  (   )

(        )(       )  (   ) 
 

 
 ( )(   )

                                              
 

  
 ( )(   )

                    
 

 ( )  
  ( )

 ( )
 

(   )

                    
 

B. Control Systems 

A Control System is an integral part of Mechanical Engineering in modern society and Laplace Transform 

enhance the working of the subsystems assembled for the cause of acquiring a preferred output with preferred 

performance of a unique system input. With Control System in Mechanical Engineering, we can move and 

operate large equipment with precision that would in any other case be impossible. Robots are currently been 

used in many aspects of life to assist humans perform huge and difficult tasks. As supported by this current 

generation of technology, large assemblies in Mechanical Engineering are perform by robots, controlling those 

robots, mathematical modeling is needed and Laplace Transform is key as it is an integral method that convert 

the function, f (t) in the time domain to the function, F(s).  

An application of Laplace Transform in control system could simple take in consideration the below differential 

equation in obtaining an expression for y (t). 

   ( )

   
 
   ( )

  
    ( )        

Taking the operation of Laplace Transform on both sides: Given that: 
  

  
  ( )    

   ( )     ( )     ( )  
  

    
 

(        ) ( )  
  

   
 

 ( )  
  

(   )(        )
 

Consider the factor for             (   )(   ) and substitute in the above equation. 

 ( )  
  

(   )(   )(   )
 

For each linear factor above consider one constant: A, B and C 

 ( )  
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(   )(   )(   )
 

 

   
 

 

   
 

 

   
 

Multiply by: (   )(   )(   ) to find A, B and C 

    (   )(   )   (   )(   )   (   )(   ) 

After simplifying using partial fraction method we get the following values  

                   

 ( )  
 

   
 

  

   
 

  

   
 

Taking the Inverse Laplace Transform of y(s), we get: 

 ( )                     

V. CONCLUSION 

As supported by this paper it is understood that the applications of Laplace Transform in Mechanical 

Engineering is very useful in solving complex mathematical modeling problems and provides the solution of 

different  real life mechanical engineering problems. In this generation of  technological advancement, large 

mechanical equipment are been controlled by computer’s commands and human efforts are been replaced by 

robots, therefore, Laplace Transform is very essential in these days advancement, it supports effective 

operations of these mechanical system and provides easy solutions to their problems in Mechanical 

Engineering.   
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